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Abstract: We study the cross section for one-particle inclusive deep inelastic scattering
off the nucleon for low transverse momentum of the detected hadron. We decompose the
cross section in terms of structure functions and calculate them at tree level in terms of
transverse-momentum-dependent parton distribution and fragmentation functions. Our
results are complete in the one-photon exchange approximation at leading and first sub-
leading twist accuracy, with both beam and target polarization.
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1. Introduction
In one-particle-inclusive deep inelastic scattering (DIS) a lepton scatters off a nucleon and
one of the hadrons produced in the collision is detected. In the one-photon exchange ap-
proximation, the lepton-nucleon interaction proceeds via a photon of virtuality Q. The
cross section depends in particular on the azimuthal angle of the final state hadron about
the virtual photon axis, as well as on the azimuthal angle of the target polarization. In
the kinematic region where the transverse momentum of the outgoing hadron is low com-
pared to Q, the cross section can be expressed in terms of transverse-momentum-dependent
parton distribution functions (PDFs) and fragmentation functions (FFs). These partonic
functions are generalizations of the distribution and fragmentation functions appearing in
standard collinear factorization. They are often referred to as unintegrated functions, as
they are not integrated over the transverse momentum.
The most complete treatment to date of one-particle-inclusive deep inelastic scattering
at small transverse momentum remains the work of Mulders and Tangerman [1], com-
plemented by Refs. [2, 3]. In the last ten years, however, the subject has seen important
theoretical and experimental progress. Initiated by the calculation of a nonvanishing Sivers
effect in Ref. [4], unexpected developments arose with the correct treatment of Wilson lines
in the definition of transverse-momentum-dependent PDFs and FFs [5, 6]. In particular,
– 1 –
the fundamental tenet of universality of PDFs and FFs was revised [7, 8, 9]. New factor-
ization proofs for the process under consideration here were put forward [10, 11], updating
past work [12]. Some relations proposed in Ref. [1] turned out to be invalid [13, 14], and
three new PDFs were discovered [15, 16]. In the meanwhile, several experimental measure-
ments of azimuthal asymmetries in semi-inclusive DIS were performed [17, 18, 19, 20, 21,
22, 23, 24, 25, 26].
We consider it timely to present in a single, self-contained paper the results for one-
particle-inclusive deep inelastic scattering at small transverse momentum, in particular
including in the cross section all functions recently introduced. In Section 2 we recall the
general form of the cross section for polarized semi-inclusive DIS and parameterize it in
terms of suitable structure functions. In Section 3 we give the full parameterization of
quark-quark and quark-gluon-quark correlation functions up to twist three and review the
relations between these functions which are due to the QCD equations of motion. The
structure functions for semi-inclusive DIS at small transverse momentum and twist-three
accuracy are given in Section 4, and Section 5 contains our conclusions. The relation of
the structure functions in the present paper with the parameterization in Ref. [27] is given
in Appendix A, and results for one-jet production in DIS are listed in Appendix B.
2. The cross section in terms of structure functions
We consider the process
ℓ(l) +N(P )→ ℓ(l′) + h(Ph) +X, (2.1)
where ℓ denotes the beam lepton, N the nucleon target, and h the produced hadron, and
where four-momenta are given in parentheses. Throughout this paper we work in the one-
photon exchange approximation and neglect the lepton mass. We denote by M and Mh
the respective masses of the nucleon and of the hadron h. As usual we define q = l− l′ and
Q2 = −q2 and introduce the variables
x =
Q2
2P · q , y =
P · q
P · l , z =
P ·Ph
P · q , γ =
2Mx
Q
. (2.2)
Throughout this section we work in the target rest frame. Following the Trento conven-
tions [28] we define the azimuthal angle φh of the outgoing hadron by
cosφh = −
lµPhν g
µν
⊥√
l2⊥ P
2
h⊥
, sinφh = −
lµPhν ǫ
µν
⊥√
l2⊥ P
2
h⊥
, (2.3)
where lµ⊥ = g
µν
⊥ lν and P
µ
h⊥ = g
µν
⊥ Phν are the transverse components of l and Ph with respect
to the photon momentum. The tensors
gµν⊥ = g
µν − q
µP ν + Pµqν
P · q (1 + γ2) +
γ2
1 + γ2
(
qµqν
Q2
− P
µP ν
M2
)
, (2.4)
ǫµν⊥ = ǫ
µνρσ Pρ qσ
P · q
√
1 + γ2
(2.5)
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Figure 1: Definition of azimuthal angles for semi-inclusive deep inelastic scattering in the target
rest frame [28]. Ph⊥ and S⊥ are the transverse parts of Ph and S with respect to the photon
momentum.
have nonzero components g11⊥ = g
22
⊥ = −1 and ǫ12⊥ = −ǫ21⊥ = 1 in the coordinate system of
Fig. 1, our convention for the totally antisymmetric tensor being ǫ0123 = 1. We decompose
the covariant spin vector S of the target as
Sµ = S‖
Pµ − qµM2/(P · q)
M
√
1 + γ2
+ Sµ⊥ , S‖ =
S · q
P · q
M√
1 + γ2
, Sµ⊥ = g
µν
⊥ Sν (2.6)
and define its azimuthal angle φS in analogy to φh in Eq. (2.3), with Ph replaced by S.
Notice that the sign convention for the longitudinal spin component is such that the target
spin is parallel to the virtual photon momentum for S‖ = −1. The helicity of the lepton
beam is denoted by λe. We consider the case where the detected hadron h has spin zero
or where its polarization is not measured.
Assuming single photon exchange, the lepton-hadron cross section can be expressed in
a model-independent way by a set of structure functions, see e.g. Refs. [29, 30, 27]. We use
here a modified version of the notation in Ref. [27], see App. A, and write1
dσ
dx dy dψ dz dφh dP
2
h⊥
=
α2
xyQ2
y2
2 (1 − ε)
(
1 +
γ2
2x
){
FUU,T + εFUU,L +
√
2 ε(1 + ε) cosφh F
cos φh
UU
+ ε cos(2φh)F
cos 2φh
UU + λe
√
2 ε(1 − ε) sinφh F sinφhLU
+ S‖
[√
2 ε(1 + ε) sinφh F
sinφh
UL + ε sin(2φh)F
sin 2φh
UL
]
1The polarizations SL and ST in [27] have been renamed to S‖ and |S⊥| here. This is to avoid a clash
of notation with Section 3, where subscripts L and T refer to a different z-axis than in Fig. 1.
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+ S‖λe
[√
1− ε2 FLL +
√
2 ε(1 − ε) cosφh F cosφhLL
]
+ |S⊥|
[
sin(φh − φS)
(
F
sin(φh−φS)
UT,T + εF
sin(φh−φS)
UT,L
)
+ ε sin(φh + φS)F
sin(φh+φS)
UT + ε sin(3φh − φS)F sin(3φh−φS)UT
+
√
2 ε(1 + ε) sinφS F
sinφS
UT +
√
2 ε(1 + ε) sin(2φh − φS)F sin(2φh−φS)UT
]
+ |S⊥|λe
[√
1− ε2 cos(φh − φS)F cos(φh−φS)LT +
√
2 ε(1 − ε) cosφS F cosφSLT
+
√
2 ε(1 − ε) cos(2φh − φS)F cos(2φh−φS)LT
]}
, (2.7)
where α is the fine structure constant and the structure functions on the r.h.s. depend
on x, Q2, z and P 2h⊥. The angle ψ is the azimuthal angle of ℓ
′ around the lepton beam
axis with respect to an arbitrary fixed direction, which in case of a transversely polarized
target we choose to be the direction of S. The corresponding relation between ψ and φS
is given in Ref. [27]; in deep inelastic kinematics one has dψ ≈ dφS . The first and second
subscript of the above structure functions indicate the respective polarization of beam and
target, whereas the third subscript in FUU,T , FUU,L and F
sin(φh−φS)
UT,T , F
sin(φh−φS)
UT,L specifies
the polarization of the virtual photon. Note that longitudinal or transverse target polar-
ization refer to the photon direction here. The conversion to the experimentally relevant
longitudinal or transverse polarization w.r.t. the lepton beam direction is straightforward
and given in [27]. The ratio ε of longitudinal and transverse photon flux in (2.7) is given
by
ε =
1− y − 14 γ2y2
1− y + 12 y2 + 14 γ2y2
, (2.8)
so that the depolarization factors can be written as
y2
2 (1 − ε) =
1
1 + γ2
(
1− y + 12 y2 + 14 γ2y2
) ≈ (1− y + 12 y2) , (2.9)
y2
2 (1− ε) ε =
1
1 + γ2
(
1− y − 14 γ2y2
) ≈ (1− y), (2.10)
y2
2 (1 − ε)
√
2 ε(1 + ε) =
1
1 + γ2
(2− y)
√
1− y − 14 γ2y2 ≈ (2− y)
√
1− y, (2.11)
y2
2 (1 − ε)
√
2 ε(1 − ε) = 1√
1 + γ2
y
√
1− y − 14 γ2y2 ≈ y
√
1− y, (2.12)
y2
2 (1− ε)
√
1− ε2 = 1√
1 + γ2
y
(
1− 12 y
) ≈ y (1− 12 y) . (2.13)
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Integration of Eq. (2.7) over the transverse momentum P h⊥ of the outgoing hadron gives
the semi-inclusive deep inelastic scattering cross section
dσ
dx dy dψ dz
=
2α2
xyQ2
y2
2 (1− ε)
(
1 +
γ2
2x
){
FUU,T + εFUU,L + S‖λe
√
1− ε2 FLL
+ |S⊥|
√
2 ε(1 + ε) sinφS F
sinφS
UT + |S⊥|λe
√
2 ε(1 − ε) cosφS F cos φSLT
}
, (2.14)
where the structure functions on the r.h.s. are integrated versions of the previous ones, i.e.
FUU,T (x, z,Q
2) =
∫
d2P h⊥ FUU,T (x, z, P
2
h⊥, Q
2) (2.15)
and similarly for the other functions.
We can finally connect the semi-inclusive structure functions to those for inclusive deep
inelastic scattering. With the energies Eh = (P ·Ph)/M and ν = (P ·q)/M of the detected
hadron and the virtual photon, we have
∑
h
∫
dz z
dσ(ℓN → ℓhX)
dz dx dy dψ
=
1
ν
∑
h
∫
dEhEh
dσ(ℓN → ℓhX)
dEh dx dy dψ
=
ν +M
ν
dσ(ℓN → ℓX)
dx dy dψ
,
(2.16)
where we have summed over all hadrons in the final state, whose total energy is ν +M .
Using (ν +M)/ν = 1 + γ2/(2x) we have
dσ
dx dy dψ
=
2α2
xyQ2
y2
2 (1− ε)
{
FT + εFL + S‖λe
√
1− ε2 2x (g1 − γ2g2)
− |S⊥|λe
√
2 ε(1 − ε) cosφS 2xγ (g1 + g2)
}
, (2.17)
where∑
h
∫
dz z FUU,T (x, z,Q
2) = 2xF1(x,Q
2) = FT (x,Q
2), (2.18)
∑
h
∫
dz z FUU,L(x, z,Q
2) = (1 + γ2)F2(x,Q
2)− 2xF1(x,Q2) = FL(x,Q2), (2.19)
∑
h
∫
dz z FLL(x, z,Q
2) = 2x
(
g1(x,Q
2)− γ2g2(x,Q2)
)
, (2.20)
∑
h
∫
dz z F cos φSLT (x, z,Q
2) = −2xγ (g1(x,Q2) + g2(x,Q2)) (2.21)
in terms of the conventional deep inelastic structure functions. For the relation with the
more common expression for target polarization along or transverse to the lepton beam
direction see Refs. [31, 32, 27]. Finally, time-reversal invariance requires (see, e.g., Ref. [27])
∑
h
∫
dz z F sinφSUT (x, z,Q
2) = 0. (2.22)
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3. Transverse-momentum dependent distribution and fragmentation func-
tions
3.1 Light-cone coordinates
Manipulations with parton distribution and fragmentation functions are conveniently done
using light-cone coordinates. For an arbitrary four-vector v we write v± = (v0 ± v3)/√2
and vT = (v
1, v2) in a specified reference frame and give all components as [v−, v+,vT ].
We will use the transverse tensors gαβT and ǫ
αβ
T , whose only nonzero components are g
11
T =
g22T = −1 and ǫ12T = −ǫ21T = 1. The light-cone decomposition of a vector can be written in
a Lorentz covariant fashion using two light-like vectors n+ = [0, 1,0T ] and n− = [1, 0,0T ]
and promoting vT to a four-vector vT = [0, 0,vT ]. One then has
vµ = v+nµ+ + v
−nµ− + v
µ
T , (3.1)
where v+ = v ·n−, v− = v ·n+ and vT ·n+ = vT ·n− = 0. We further have
gαβT = g
αβ − nα+nβ− − nα−nβ+, ǫαβT = ǫαβρσ n+ρn−σ. (3.2)
Note that scalar products with transverse four-vectors are in Minkowski space, so that
vT ·wT = −vT ·wT .
For the discussion of distribution functions we will choose light-cone coordinates such
that P has no transverse component, i.e.
Pµ = P+nµ+ +
M2
2P+
nµ− . (3.3)
The spin vector of the target can then be decomposed as
Sµ = SL
(P ·n−)nµ+ − (P ·n+)nµ−
M
+ SµT , (3.4)
which implies SL = M (S · n−)/(P · n−). Similarly, for the discussion of fragmentation
functions, we will assume a coordinate choice with
Pµh = P
−
h n
µ
− +
M2h
2P−h
nµ+ . (3.5)
3.2 Calculation of the hadronic tensor
We consider semi-inclusive DIS in the kinematical limit where Q2 becomes large while x, z
and P 2h⊥ remain fixed, and will perform an expansion in powers of 1/Q. For the calculation
we use a frame where both (3.3) and (3.5) are satisfied, and where xP+ = P−h /z = Q/
√
2.
Notice that this differs from the choice in Section 2, where the transverse direction was
defined with respect to the momenta of the target and the virtual photon, instead of the
momenta of the target and the produced hadron. Details on the relation between the two
choices can be found in [1, 33]. In particular, SL and ST defined by (3.4) with (3.3) and
(3.5) differ from S‖ and S⊥ in (2.6) by terms of order 1/Q
2 and 1/Q, respectively.
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Figure 2: Examples of graphs contributing to semi-inclusive DIS at low transverse momentum of
the produced hadron.
The leptoproduction cross section can be expressed as the contraction of a hadronic
and a leptonic tensor,
dσ
dx dy dψ dz dφh dP
2
h⊥
=
α2y
8zQ4
2MW µν Lµν , (3.6)
where the leptonic tensor is given by
Lµν = 2
(
lµ l
′
ν + l
′
µ lν − l · l ′gµν
)
+ 2iλe ǫµνρσ l
ρl′σ. (3.7)
The hadronic tensor is defined as
2MW µν =
1
(2π)3
∑
X
∫
d3PX
2P 0X
δ(4)
(
q+P −PX −Ph
) 〈P |Jµ(0)|h,X〉〈h,X|Jν (0)|P 〉, (3.8)
where Jµ(ξ) is the electromagnetic current divided by the elementary charge and a sum is
implied over the polarizations of all hadrons in the final state.
The calculations in this paper are based on the factorization of the cross section into
a hard photon-quark scattering process and nonperturbative functions describing the dis-
tribution of quarks in the target or the fragmentation of a quark into the observed hadron.
We limit ourselves to the leading and first subleading term in the 1/Q expansion of the
– 7 –
cross section and to graphs with the hard scattering at tree level. Loops can then only oc-
cur as shown in Fig. 2b, c, d, with gluons as external legs of the nonperturbative functions.
The corresponding expression of the hadronic tensor is [1, 33]
2MW µν = 2z
∑
a
e2a
∫
d2pT d
2kT δ
2(pT + qT − kT ) Tr
{
Φa(x, pT )γ
µ∆a(z, kT )γ
ν
− 1
Q
√
2
[
γα n/+γ
ν Φ˜aAα(x, pT )γ
µ∆a(z, kT ) + γ
α n/−γ
µ∆˜aAα(z, kT )γ
νΦa(x, pT ) + h.c.
]}
,
(3.9)
with corrections of order 1/Q2, where the sum runs over the quark and antiquark flavors
a, and ea denotes the fractional charge of the struck quark or antiquark. In the next
subsections we discuss in detail the correlation functions Φ for quark distributions, ∆ for
quark fragmentation, and their analogs Φ˜A and ∆˜A with an additional gluon leg. The first,
second and third term in Eq. (3.9) respectively correspond to the graphs in Fig. 2a, b and
c, with gluons having transverse polarization. The analogs of Fig. 2b and c with the gluon
on the other side of the final-state cut correspond to the “h.c.” terms in Eq. (3.9).
The Wilson lines needed in the color gauge invariant soft functions come from graphs
with additional gluons exchanged between the hard scattering and either the distribution or
the fragmentation function (as in Fig. 2b,c,d). The corresponding gluons have polarization
vectors proportional to n+ in the first and to n− in the second case, except for contributions
from the gluon potential at infinity. The importance of the latter has been discussed in
[5, 6], and a detailed derivation of theWilson lines appearing in semi-inclusive DIS was given
in Ref. [33] for the leading terms in the 1/Q expansion. For the contributions subleading
in 1/Q only the cross section integrated over P h⊥ has been analyzed in the same reference.
Going beyond the tree graphs just discussed requires modifications in the factorization
formula (3.9). In particular, radiative corrections involving low-frequency gluons introduce
Sudakov logarithms and so-called soft factors. A proof of factorization to all orders in αs
for the (similar but simpler) case of two-hadron production in e+e− collisions was given
long ago [12]. Recent work on all-order factorization in semi-inclusive DIS can be found
in Refs. [10, 11] and in Ref. [9]. Whether and how the tree-level factorization used in the
present paper extends to subleading level in 1/Q is presently not known.
3.3 The quark-quark correlators
The quark-quark distribution correlation function is defined as2
Φij(x, pT ) =
∫
dξ−d2ξT
(2π)3
eip·ξ 〈P |ψ¯j(0)Un−(0,+∞) U
n−
(+∞,ξ) ψi(ξ)|P 〉
∣∣∣∣
ξ+=0
(3.10)
with p+ = xP+, where here and in the following we omit the flavor index a. The corre-
sponding correlator for antiquarks is obtained by replacing the quark field by its transform
2To be precise, one should distinguish the momentum fraction x in the definition of distribution functions
from the Bjorken variable defined in Eq. (2.2). They coincide however in the process we consider, so that
we drop this distinction for simplicity. An analogous remark holds for the argument z in the fragmentation
functions below.
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under charge conjugation, see Ref. [1]. In the correlator (3.10) we have gauge links (Wilson
lines)
Un−(0,+∞) = Un−(0−,∞−;0T ) UT (0T ,∞T ;∞−), (3.11)
Un−(+∞,ξ) = UT (∞T , ξT ;∞−) Un−(∞−, ξ−, ξT ). (3.12)
Here Un−(a−, b−; cT ) indicates a Wilson line running along the minus direction from
[a−, 0+, cT ] to [b
−, 0+, cT ], while UT (aT , bT ; c−) indicates a Wilson line running in the
transverse direction from [c−, 0+,aT ] to [c
−, 0+, bT ], i.e.
Un−(a−, b−; cT ) = P exp
[
−ig
∫ b−
a−
dζ−A+(ζ−, 0+, cT )
]
, (3.13)
UT (aT , bT ; c−) = P exp
[
−ig
∫
bT
aT
dζT ·AT (c−, 0+, ζT )
]
. (3.14)
The correlator in Eq. (3.10) is the one appearing in semi-inclusive DIS. In different processes
the structure of the gauge link can change [7, 34, 35, 36]. For instance, in Drell-Yan lepton
pair production all occurrences of ∞− in the gauge links should be replaced by −∞−.
In particular, this reverses the sign of all T-odd distribution functions appearing in the
correlator (see below). In partonic processes with colored states in both the initial and
final state, the gauge link contains contributions running to ∞− as well as −∞−, and
T-odd terms differ by more than a simple sign change. Alternatively, it is possible to work
always with the correlator for semi-inclusive DIS when convoluting T-odd functions with
so-called gluonic-pole cross sections instead of the normal partonic cross sections [35, 37].
We note that beyond tree-level the Wilson lines in Eqs. (3.11) and (3.12) lead to logarithmic
divergences in the correlator (3.10). These are due to gluons with vanishing momentum
component along n+ and need to be regularized. The twist-two part of the correlator can
be regularized in ways consistent with factorization to leading power in 1/Q [12, 38, 10, 9].
It is presently not known how to extend this to the twist-three sector, see Ref. [39] for an
investigation of this case.
A complete parameterization of the quark-quark correlation function has been given
in Ref. [16]. Here we limit ourselves to the twist-three level, where we have
Φ(x, pT ) =
1
2
{
f1 n/+ − f⊥1T
ǫρσT pTρSTσ
M
n/+ + g1sγ5 n/+
+ h1T
[
S/T , n/+
]
γ5
2
+ h⊥1s
[
p/T , n/+
]
γ5
2M
+ i h⊥1
[
p/T , n/+
]
2M
}
+
M
2P+
{
e− i es γ5 − e⊥T
ǫρσT pTρSTσ
M
+ f⊥
p/T
M
− f ′T ǫρσT γρSTσ − f⊥s
ǫρσT γρpTσ
M
+ g′T γ5 S/T + g
⊥
s γ5
p/T
M
− g⊥γ5
ǫρσT γρpTσ
M
+ hs
[ n/+, n/−]γ5
2
+ h⊥T
[
S/T , p/T
]
γ5
2M
+ i h
[
n/+, n/−
]
2
}
. (3.15)
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The distribution functions on the r.h.s. depend on x and p2T , except for the functions with
subscript s, where we use the shorthand notation [1]
g1s(x, pT ) = SL g1L(x, p
2
T )−
pT ·ST
M
g1T (x, p
2
T ) (3.16)
and so forth for the other functions. The first eight distributions of Eq. (3.15) are referred
to as twist two, and the next 16 distributions are referred to as twist three, where we use
the notion of “dynamical twist” as explained in Ref. [40]. The remaining eight functions
of twist four have been omitted here and can be found in Ref. [16]. The 10 functions f⊥1T ,
h⊥1 , eL, eT , e
⊥
T , f
′
T , f
⊥
L , f
⊥
T , g
⊥, h are T-odd [2, 16], i.e. they change sign under “naive time
reversal”, which is defined as usual time reversal, but without the interchange of initial and
final states. The functions g⊥ [15], e⊥T and f
⊥
T [16] exist because the direction of the Wilson
line provides a vector independent of P and S for a Lorentz invariant decomposition of the
correlation function Φ(p), which is defined as in (3.10) but with ξ+ integrated over instead
of being set to zero [14]. The notation used in (3.15) is consistent with Refs. [1, 2, 15, 16],
except for three points of discrepancy: (i) the sign of g⊥ is opposite to that in Ref. [15],
where the function was originally introduced, and consistent with Ref. [16]; (ii) the sign
of the function f⊥L is opposite to that in Ref. [16] and consistent with the other articles;
(iii) the function f⊥T here is different from Ref. [16], where it was first introduced, in order
to maintain the symmetry with the other functions and to have simpler expressions in
the following results. The relation between the two notations is the following (recall that
p2T = −p2T ):
f ′T
∣∣∣
here
=
p2T
M2
f⊥′T
∣∣∣
Ref. [16]
, f⊥T
∣∣∣
here
= f⊥′T − f⊥T
∣∣∣
Ref. [16]
. (3.17)
The nomenclature of the distribution functions follows closely that of Ref. [1], sometimes
referred to as “Amsterdam notation.” We remark that a number of other notations exist
for some of the distribution functions, see e.g. Refs. [41, 42, 43]. In particular, transverse-
momentum-dependent functions at leading twist have been widely discussed by Anselmino
et al. [44, 45, 46]. The connection between the notation in these papers and the one used
here is discussed in App. C of Ref. [46].
We also list here the expressions for the traces of the correlator Φ(x, pT ) from Ref. [16].
With Φ[Γ] = 12 Tr[ΦΓ] we have
Φ[γ
+] = f1 −
ǫρσT pTρSTσ
M
f⊥1T , (3.18)
Φ[γ
+γ5] = SL g1L − pT ·ST
M
g1T , (3.19)
Φ[iσ
α+γ5] = SαT h1 + SL
pαT
M
h⊥1L
− p
α
T p
ρ
T − 12 p2T gαρT
M2
STρ h
⊥
1T −
ǫαρT pTρ
M
h⊥1 , (3.20)
Φ[1] =
M
P+
[
e− ǫ
ρσ
T pTρSTσ
M
e⊥T
]
, (3.21)
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Φ[iγ5] =
M
P+
[
SLeL − pT ·ST
M
eT
]
, (3.22)
Φ[γ
α] =
M
P+
[
− ǫαρT STρ fT − SL
ǫαρT pTρ
M
f⊥L
− p
α
T p
ρ
T − 12 p2T gαρT
M2
ǫTρσS
σ
T f
⊥
T +
pαT
M
f⊥
]
, (3.23)
Φ[γ
αγ5] =
M
P+
[
SαT gT + SL
pαT
M
g⊥L
− p
α
T p
ρ
T − 12 p2T gαρT
M2
STρ g
⊥
T −
ǫαρT pTρ
M
g⊥
]
, (3.24)
Φ[iσ
αβγ5] =
M
P+
[
SαT p
β
T − pαT SβT
M
h⊥T − ǫαβT h
]
, (3.25)
Φ[iσ
+−γ5] =
M
P+
[
SLhL − pT ·ST
M
hT
]
, (3.26)
where α and β are restricted to be transverse indices. Here we made use of the combinations
fT (x, p
2
T ) = f
′
T (x, p
2
T )−
p2T
2M2
f⊥T (x, p
2
T ), (3.27)
gT (x, p
2
T ) = g
′
T (x, p
2
T )−
p2T
2M2
g⊥T (x, p
2
T ), (3.28)
h1(x, p
2
T ) = h1T (x, p
2
T )−
p2T
2M2
h⊥1T (x, p
2
T ), (3.29)
to separate off terms that vanish upon integration of the correlator over transverse mo-
mentum due to rotational symmetry. The conversion between the expression in Eq. (3.23)
and that in Eq. (19) of Ref. [16] can be carried out using the identity
p2T ǫ
αρ
T STρ = p
α
T ǫ
ρσ
T pTρSTσ + (pT ·ST ) ǫαρT pTρ , (3.30)
which follows from the fact that there is no completely antisymmetric tensor of rank three
in two dimensions.
Integrating the correlator over the transverse momentum pT yields
Φ(x) =
∫
d2pT Φ(x, pT ) =
1
2
{
f1 n/+ + SLg1 γ5 n/+ + h1
[
S/T , n/+
]
γ5
2
}
+
M
2P+
{
e− i SLeLγ5 + fT ǫρσT STργσ + gT γ5 S/T
+ SL hL
[ n/+, n/−]γ5
2
+ i h
[
n/+, n/−
]
2
}
, (3.31)
where the functions on the r.h.s. depend only on x and are given by
f1(x) =
∫
d2pT f1(x, p
2
T ) (3.32)
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and so forth for the other functions. We have retained here one common exception of
notation, namely
g1(x) =
∫
d2pT g1L(x, p
2
T ). (3.33)
Other notations are also in use for the leading-twist integrated functions, in particular
f q1 = q (unpolarized distribution function), g
q
1 = ∆q (helicity distribution function), h
q
1 =
δq = ∆T q (transversity distribution function). The T-odd functions vanish due to time-
reversal invariance [16]∫
d2pT fT (x, p
2
T ) = 0,
∫
d2pT eL(x, p
2
T ) = 0,
∫
d2pT h(x, p
2
T ) = 0. (3.34)
We have kept them in Eq. (3.31) so that one can readily obtain the analogous fragmentation
correlator, where such functions do not necessarily vanish.
The fragmentation correlation function is defined as
∆ij(z, kT ) =
1
2z
∑
X
∫
dξ+d2ξT
(2π)3
eik·ξ 〈0| Un+
(+∞,ξ)
ψi(ξ)|h,X〉〈h,X|ψ¯j (0)Un+(0,+∞)|0〉
∣∣∣∣
ξ−=0
,
(3.35)
with k− = P−h /z and the Wilson lines
Un+(+∞,ξ) ≡ UT (∞T , ξT ; +∞+) Un+(+∞+, ξ+; ξT ), (3.36)
Un+(0,+∞) ≡ Un+(0+,+∞+;0T ) UT (0T ,∞T ; +∞+). (3.37)
The notation Un+(a+, b+; cT ) indicates a Wilson line running along the plus direction
from [0−, a+, cT ] to [0
−, b+, cT ], while UT (aT , bT ; c+) indicates a gauge link running in the
transverse direction from [0−, c+,aT ] to [0
−, c+, bT ]. The definition written above naturally
applies for the correlation function appearing in e+e− annihilation. For semi-inclusive DIS
it seems more natural to replace all occurrences of +∞+ in the gauge links by −∞+ [33].
However, in Ref. [9] it was shown that factorization can be derived in such a way that
the fragmentation correlators in both semi-inclusive DIS and e+e− annihilation have gauge
links pointing to +∞+.
The fragmentation correlation function (for a spinless or an unpolarized hadron) can
be parameterized as
∆(z, kT ) =
1
2
{
D1 n/− + iH
⊥
1
[
k/T , n/−
]
2Mh
}
+
Mh
2P−h
{
E +D⊥
k/T
Mh
+ iH
[
n/−, n/+
]
2
+G⊥γ5
ǫρσT γρkTσ
Mh
}
, (3.38)
where the functions on the r.h.s. depend on z and k2T . To be complete, they should all
carry also a flavor index, and the final hadron type should be specified. The correlation
function ∆ can be directly obtained from the correlation function Φ by changing3
n+ ↔ n−, ǫT → −ǫT , P+ → P−h , M →Mh, x→ 1/z, (3.39)
3The change of sign of the tensor ǫT is due to the exchange n+ ↔ n− in its definition (3.2).
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and replacing the distribution functions with the corresponding fragmentation functions
(f is replaced with D and all other letters are capitalized).
The correlator integrated over transverse momentum reads
∆(z) = z2
∫
d2kT ∆(z, kT ) = D1
n/−
2
+
Mh
2P−h
{
E + iH
[
n/−, n/+
]
2
}
, (3.40)
where the functions on the r.h.s. are defined as
D1(z) = z
2
∫
d2kT D1(z, k
2
T ) (3.41)
and so forth for the other functions. The prefactor z2 appears because D1(z, kT ) is a
probability density w.r.t. the transverse momentum k′T = −zkT of the final-state hadron
relative to the fragmenting quark. The fragmentation correlator for polarized spin-half
hadrons is parameterized in analogy to Eqs. (3.15) and (3.31). As already remarked, in
this case the functions DT , EL and H (the analogs of fT , eL and h) do not vanish because
|h,X〉 is an interacting state that does not transform into itself under time-reversal. Of
course, it should be taken as an outgoing state in the fragmentation correlator.
3.4 The quark-gluon-quark correlators
We now examine the quark-gluon-quark distribution correlation functions [33, 47]
(
ΦµD
)
ij
(x, pT ) =
∫
dξ−d2ξT
(2π)3
eip·ξ〈P |ψ¯j(0)Un−(0,+∞) U
n−
(+∞,ξ) iD
µ(ξ)ψi(ξ)|P 〉
∣∣∣∣
ξ+=0
, (3.42)
which contain the covariant derivative iDµ(ξ) = i∂µ + gAµ. Using Un−(+∞,ξ) iD+(ξ)ψ(ξ) =
i∂+
[Un−(+∞,ξ) ψ(ξ)] we can write
Φ+D(x, pT ) = xP
+Φ(x, pT ) (3.43)
for the plus-component of the correlator. For the transverse components we define a further
correlator [33]
Φ˜αA(x, pT ) = Φ
α
D(x, pT )− pαT Φ(x, pT ), (3.44)
which is manifestly gauge invariant. It reduces to a correlator defined as in Eq. (3.42) with
the covariant derivative iDµ replaced by gAαT if one has Un−(+∞,ξ) = 1, which is the case in a
light-cone gauge A+ = 0 with suitable boundary conditions at light-cone infinity [6]. Notice
that (3.42) does not have the most general form of a twist-three correlation function since
it depends on the kinematics of one instead of two partons (i.e., on a single momentum
fraction and a single transverse momentum). Correspondingly, the covariant derivative
is taken at the same space-time point as one of the quark fields. The tree-level result
(3.9) for semi-inclusive DIS can be expressed in terms of only the quark-quark correlator
(3.10), the quark-gluon-quark correlator (3.42), and their fragmentation counterparts. This
is not too surprising since the kinematics of our process defines a single plus-momentum
fraction x, a single minus-momentum fraction z, and a single transverse momentum Ph⊥.
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No further momentum fraction can for instance be constructed from the ratio P 2h⊥/Q
2,
which is replaced with zero in the kinematical limit we consider.
The correlation function (3.44) can be decomposed as
Φ˜αA(x, pT ) =
xM
2
{[(
f˜⊥ − ig˜⊥)pTρ
M
− (f˜ ′T + ig˜′T ) ǫTρσSσT − (f˜⊥s + i g˜⊥s )ǫTρσpσTM
](
gαρT − iǫαρT γ5
)
− (h˜s + i e˜s)γαT γ5 + [(h˜+ i e˜)+ (h˜⊥T − i e˜⊥T ) ǫ
ρσ
T pTρSTσ
M
]
iγαT + . . .
(
gαρT + iǫ
αρ
T γ5
)} n/+
2
,
(3.45)
where the index α is restricted to be transverse here and in the following equations. The
functions on the r.h.s. depend on x and p2T , except for the functions with subscript s,
which are defined as in Eq. (3.16). The last term in the curly brackets is irrelevant for the
construction of the hadronic tensor of semi-inclusive DIS and has not been parameterized
explicitly. The only relevant traces of the quark-gluon-quark correlator are
1
2Mx
Tr
[
Φ˜Aα σ
α+
]
= h˜+ i e˜+
ǫρσT pTρSTσ
M
(
h˜⊥T − i e˜⊥T
)
, (3.46)
1
2Mx
Tr
[
Φ˜Aα iσ
α+γ5
]
= SL
(
h˜L + i e˜L
)− pT ·ST
M
(
h˜T + i e˜T
)
, (3.47)
1
2Mx
Tr
[
Φ˜Aρ (g
αρ
T + iǫ
αρ
T γ5)γ
+
]
=
pαT
M
(
f˜⊥ − ig˜⊥)− ǫαρT STρ (f˜T + ig˜T )
− SL
ǫαρT pTρ
M
(
f˜⊥L + i g˜
⊥
L
)− pαT pρT − 12 p2T gαρT
M2
ǫTρσS
σ
T
(
f˜⊥T + ig˜
⊥
T
)
, (3.48)
where again we have used the combinations
f˜T (x, p
2
T ) = f˜
′
T (x, p
2
T )−
p2T
2M2
f˜⊥T (x, p
2
T ), (3.49)
g˜T (x, p
2
T ) = g˜
′
T (x, p
2
T )−
p2T
2M2
g˜⊥T (x, p
2
T ). (3.50)
The above traces have been given already in Ref. [15] for the terms without transverse po-
larization, whereas the terms with transverse polarization were partly discussed in Ref. [1]
(the functions e⊥T and f
⊥
T introduced in Ref. [16] were missing).
Relations between correlation functions of different twist are provided by the equation
of motion for the quark field
[
iD/ (ξ) −m]ψ(ξ) = [γ+iD−(ξ) + γ−iD+(ξ) + γαT iDα(ξ)−m]ψ(ξ) = 0, (3.51)
where m is the quark mass. To make their general structure transparent we decompose
the correlators into terms of definite twist,
Φ = Φ2 +
M
P+
Φ3 +
(
M
P+
)2
Φ4,
1
M
Φ˜αA = Φ˜
α
A,3 +
M
P+
Φ˜αA,4 +
(
M
P+
)2
Φ˜αA,5, (3.52)
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where the twist is indicated in the subscripts and the arguments (x, pT ) are suppressed
for ease of writing. One has P+Φ4 = P−Φ2 = 0 and P+Φ˜αA,5 = P−Φ˜αA,3 = 0, where
P+ = 12γ−γ+ and P− = 12γ+γ− are the projectors on good and bad light-cone compo-
nents, respectively [40]. Projecting Eq. (3.51) on its good components one obtains for the
correlators
P+
[
xM γ−Φ3 +MγTρ Φ˜
ρ
A,3 + p/T Φ2 −mΦ2
]
+ P+
[
xM γ−Φ4 +MγTρ Φ˜
ρ
A,4 + p/T Φ3 −mΦ3
]M
P+
= 0, (3.53)
where the term with D− has disappeared and the terms with D+ and Dα have been
replaced using Eqs. (3.43) and (3.44). Multiplying this relation with one of the matrices
Γ+ = {γ+, γ+γ5, iσα+γ5}, which satisfy Γ+P+ = Γ+(1 − P−) = Γ+, and taking the trace
gives
TrΓ+
[
γ−xΦ3 + γTρ Φ˜
ρ
A,3 +
p/T
M
Φ2 − m
M
Φ2
]
= 0, (3.54)
where the terms multiplied by M/P+ in Eq. (3.53) have disappeared because the trace of
Dirac matrices cannot produce a term that transforms like P+ under boosts in the light-
cone direction. Inserting the parameterizations (3.15) and (3.45) into (3.54), one finds the
following relations between T-even functions:
xe = xe˜+
m
M
f1, (3.55)
xf⊥ = xf˜⊥ + f1, (3.56)
xg′T = xg˜
′
T +
m
M
h1T , (3.57)
xg⊥T = xg˜
⊥
T + g1T +
m
M
h⊥1T , (3.58)
xgT = xg˜T − p
2
T
2M2
g1T +
m
M
h1, (3.59)
xg⊥L = xg˜
⊥
L + g1L +
m
M
h⊥1L, (3.60)
xhL = xh˜L +
p2T
M2
h⊥1L +
m
M
g1L, (3.61)
xhT = xh˜T − h1 + p
2
T
2M2
h⊥1T +
m
M
g1T , (3.62)
xh⊥T = xh˜
⊥
T + h1 +
p2T
2M2
h⊥1T . (3.63)
These relations can be found in Ref. [1], App. C. Neglecting quark-gluon-quark correlators
(often referred to as the Wandzura-Wilczek approximation) is equivalent to setting all
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functions with a tilde to zero. For T-odd functions we have the following relations:
xeL = xe˜L, (3.64)
xeT = xe˜T , (3.65)
xe⊥T = xe˜
⊥
T +
m
M
f⊥1T , (3.66)
xf ′T = xf˜
′
T +
p2T
M2
f⊥1T , (3.67)
xf⊥T = xf˜
⊥
T + f
⊥
1T , (3.68)
xfT = xf˜T +
p2T
2M2
f⊥1T , (3.69)
xf⊥L = xf˜
⊥
L , (3.70)
xg⊥ = xg˜⊥ +
m
M
h⊥1 , (3.71)
xh = xh˜+
p2T
M2
h⊥1 . (3.72)
Most of these relations can be found in Refs. [48, 49], and Eq. (3.71) can be inferred from
Eq. (13) in Ref. [15]. Eqs. (3.66) and (3.68) have not been given before as they require
the new functions introduced in Ref. [16]. We emphasize that the constraints due to the
equations of motion remain valid in the presence of the appropriate Wilson lines in the
correlation functions. All that is required for the gauge link U(0,ξ) between the quark fields
is the relation U(0,ξ) iD+(ξ) = i∂+U(0,ξ) leading to Eq. (3.43). In contrast, the so-called
Lorentz invariance relations used in earlier work are invalidated by the presence of the gauge
links [14]. We remark that if quark-gluon-quark correlators are neglected, the time-reversal
constraints (3.34) require that
∫
d2pT p
2
T f
⊥
1T (x, p
2
T ) = 0 and
∫
d2pT p
2
T h
⊥
1 (x, p
2
T ) = 0.
The quark-gluon-quark fragmentation correlator analogous to ΦD is defined as(
∆µD
)
ij
(z, kT ) =
1
2z
∑
X
∫
dξ+ d2ξT
(2π)3
eik·ξ 〈0| Un+(+∞,ξ) iDµ(ξ) ψi(ξ)|h,X〉〈h,X|ψ¯j (0)U
n+
(0,+∞)|0〉
∣∣∣∣
ξ−=0
. (3.73)
The transverse correlator
∆˜αA(z, kT ) = ∆
α
D(z, kT )− kαT ∆(z, kT ) (3.74)
can be decomposed as
∆˜αA(z, kT ) =
Mh
2z
{(
D˜⊥ − i G˜⊥) kTρ
Mh
(
gαρT + iǫ
αρ
T γ5
)
+
(
H˜ + i E˜
)
iγαT + . . .
(
gαρT − iǫαρT γ5
)} n/−
2
. (3.75)
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Using the equation of motion for the quark field, the following relations can be established
between the functions appearing in the above correlator and the functions in the quark-
quark correlator (3.38):
E
z
=
E˜
z
+
m
Mh
D1, (3.76)
D⊥
z
=
D˜⊥
z
+D1, (3.77)
G⊥
z
=
G˜⊥
z
+
m
Mh
H⊥1 , (3.78)
H
z
=
H˜
z
+
k2T
M2h
H⊥1 . (3.79)
4. Results for structure functions
Inserting the parameterizations of the different correlators in the expression (3.9) of the
hadronic tensor and using the equation-of-motion constraints just discussed, one can calcu-
late the leptoproduction cross section for semi-inclusive DIS and project out the different
structure functions appearing in Eq. (2.7). To have a compact notation for the results, we
introduce the unit vector hˆ = P h⊥/|P h⊥| and the notation
C[wfD] = x ∑
a
e2a
∫
d2pT d
2kT δ
(2)
(
pT − kT −P h⊥/z
)
w(pT ,kT ) f
a(x, p2T )D
a(z, k2T ),
(4.1)
where w(pT ,kT ) is an arbitrary function and the summation runs over quarks and anti-
quarks. The expressions for the structure functions appearing in Eq. (2.7) are
FUU,T = C
[
f1D1
]
, (4.2)
FUU,L = 0, (4.3)
F cos φhUU =
2M
Q
C
[
− hˆ ·kT
Mh
(
xhH⊥1 +
Mh
M
f1
D˜⊥
z
)
− hˆ ·pT
M
(
xf⊥D1 +
Mh
M
h⊥1
H˜
z
)]
, (4.4)
F cos 2φhUU = C
[
−2
(
hˆ ·kT
) (
hˆ ·pT
)− kT ·pT
MMh
h⊥1 H
⊥
1
]
, (4.5)
F sinφhLU =
2M
Q
C
[
− hˆ ·kT
Mh
(
xeH⊥1 +
Mh
M
f1
G˜⊥
z
)
+
hˆ ·pT
M
(
xg⊥D1 +
Mh
M
h⊥1
E˜
z
)]
, (4.6)
F sinφhUL =
2M
Q
C
[
− hˆ ·kT
Mh
(
xhLH
⊥
1 +
Mh
M
g1L
G˜⊥
z
)
+
hˆ ·pT
M
(
xf⊥LD1 −
Mh
M
h⊥1L
H˜
z
)]
, (4.7)
F sin 2φhUL = C
[
−2
(
hˆ ·kT
) (
hˆ ·pT
)− kT ·pT
MMh
h⊥1LH
⊥
1
]
, (4.8)
FLL = C
[
g1LD1
]
, (4.9)
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F cos φhLL =
2M
Q
C
[
hˆ ·kT
Mh
(
xeLH
⊥
1 −
Mh
M
g1L
D˜⊥
z
)
− hˆ ·pT
M
(
xg⊥LD1 +
Mh
M
h⊥1L
E˜
z
)]
, (4.10)
F
sin(φh−φS)
UT,T = C
[
− hˆ ·pT
M
f⊥1TD1
]
, (4.11)
F
sin(φh−φS)
UT,L = 0, (4.12)
F
sin(φh+φS)
UT = C
[
− hˆ ·kT
Mh
h1H
⊥
1
]
, (4.13)
F
sin(3φh−φS)
UT = C
[
2
(
hˆ ·pT
) (
pT ·kT
)
+ p2T
(
hˆ ·kT
)− 4 (hˆ ·pT )2 (hˆ ·kT )
2M2Mh
h⊥1TH
⊥
1
]
, (4.14)
F sinφSUT =
2M
Q
C
{(
xfTD1 − Mh
M
h1
H˜
z
)
− kT ·pT
2MMh
[(
xhTH
⊥
1 +
Mh
M
g1T
G˜⊥
z
)
−
(
xh⊥TH
⊥
1 −
Mh
M
f⊥1T
D˜⊥
z
)]}
, (4.15)
F
sin(2φh−φS)
UT =
2M
Q
C
{
2 (hˆ ·pT )2 − p2T
2M2
(
xf⊥T D1 −
Mh
M
h⊥1T
H˜
z
)
− 2
(
hˆ ·kT
) (
hˆ ·pT
)− kT ·pT
2MMh
[(
xhTH
⊥
1 +
Mh
M
g1T
G˜⊥
z
)
+
(
xh⊥TH
⊥
1 −
Mh
M
f⊥1T
D˜⊥
z
)]}
, (4.16)
F
cos(φh−φS)
LT = C
[
hˆ ·pT
M
g1TD1
]
, (4.17)
F cosφSLT =
2M
Q
C
{
−
(
xgTD1 +
Mh
M
h1
E˜
z
)
+
kT ·pT
2MMh
[(
xeTH
⊥
1 −
Mh
M
g1T
D˜⊥
z
)
+
(
xe⊥TH
⊥
1 +
Mh
M
f⊥1T
G˜⊥
z
)]}
, (4.18)
F
cos(2φh−φS)
LT =
2M
Q
C
{
−2 (hˆ ·pT )
2 − p2T
2M2
(
xg⊥TD1 +
Mh
M
h⊥1T
E˜
z
)
+
2
(
hˆ ·kT
) (
hˆ ·pT
)− kT ·pT
2MMh
[(
xeTH
⊥
1 −
Mh
M
g1T
D˜⊥
z
)
−
(
xe⊥TH
⊥
1 +
Mh
M
f⊥1T
G˜⊥
z
)]}
. (4.19)
Notice that distribution and fragmentation functions do not appear in a symmetric fashion
in these expressions: there are only twist-three fragmentation functions with a tilde and
only twist-three distribution functions without tilde. This asymmetry is not surprising
because in Eq. (2.7) the structure functions themselves are introduced in an asymmetric
way, with azimuthal angles referring to the axis given by the four-momenta of the target
nucleon and the photon, rather than of the target nucleon and the detected hadron.
Equations (4.2) to (4.19) are a main result of this paper. A few comments concerning
the comparison with the existing literature are in order here. First of all, it has to be
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stressed that in much of the past literature a different definition of the azimuthal angles
has been used, whereas in the present work we adhere to the Trento conventions [28]. To
compare with those papers, the signs of φh and of φS have to be reversed. The terms
with the distribution functions f⊥T and e
⊥
T have not been given before. All leading-twist
structure functions here are consistent with those given in Eqs. (36) and (37) of Ref. [3]
when only photon exchange is taken into consideration. The structure functions F sinφhLU
and F sinφhUL in our Eqs. (4.6) and (4.7) correspond to Eqs. (16) and (25) in Ref. [15]. The
other six twist-three structure functions were partially given in the original work of Mul-
ders and Tangerman [1], but excluding T-odd distribution functions, assuming Gaussian
transverse-momentum distributions, and without the contributions from the fragmentation
function G⊥.
The structure function F cosφhUU is associated with the so-called Cahn effect [50, 51]. If
one neglects the quark-gluon-quark functions D˜⊥ in Eq. (4.4) and f˜⊥ in Eq. (3.56) as well
as the T-odd distribution functions h and h⊥1 , our result becomes
F cosφhUU ≈
2M
Q
C
[
− hˆ ·pT
M
f1D1
]
. (4.20)
This coincides with the cosφh term calculated to order 1/Q in the parton model with
intrinsic transverse momentum included in distribution and fragmentation functions, see
e.g. Eqs. (32) and (33) in Ref. [52].
Let us briefly mention some experimental results and phenomenological analyses for
the structure functions given above. For simplicity we do not distinguish between mea-
surements of the structure functions and of the associated spin or angular asymmetries,
which correspond to the ratio of the appropriate structure functions and FUU,T + ǫFUU,L.
1. Measurements of the cross-section components containing the structure function
F cosφhUU have been reported in Refs. [53, 54, 17, 26]. A description of the cosφh
modulation by the Cahn effect alone has been given in Ref. [52]. The same analysis
can be applied to the structure function F cosφhLL , leading to the results of Ref. [55].
2. F cos 2φhUU contains the functions h
⊥
1 (Boer-Mulders function [2]) and H
⊥
1 (Collins func-
tion [56]). It has been measured in Refs. [17, 26].
3. The structure function F sinφhLU has been recently measured by the CLAS collabora-
tion [25].
4. The structure function F sinφhUL has been measured by HERMES [23]. The pre-
cise extraction of this observable requires care because in experiments the target
is polarized along the direction of the lepton beam and not of the virtual pho-
ton [57, 58, 15, 27]. This implies that the longitudinal target-spin asymmetries mea-
sured in Refs. [18, 19, 20] receive contributions not only from F sinφhUL , but at the same
order in 1/Q also from F
sin(φh−φS)
UT,T and F
sin(φh+φS)
UT (see also the phenomenological
studies of Refs. [59, 60, 61, 62, 63, 64, 65]). In Ref. [23] the HERMES collaboration
has separated the different contributions to the experimental sinφh asymmetry with
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longitudinal target polarization and shown that F sinφhUL is dominant in the kinematics
of the measurement.
5. F
sin(φh−φS)
UT,T contains the Sivers function [66] and has been recently measured for a pro-
ton target at HERMES [22] and for a deuteron target at COMPASS [24]. Extractions
of the Sivers function from the experimental data were performed in Refs. [67, 68, 69]
(see Ref. [70] for a comparison of the various extractions).
6. The structure function F
sin(φh+φS)
UT contains the transversity distribution function [41,
42] and the Collins function. As the previous structure function, it has been mea-
sured by HERMES [22] on the proton and by COMPASS [24] on the deuteron. Phe-
nomenological studies have been presented in Ref. [68], where information about the
Collins function was extracted, and in Ref. [71], where constraints on the transversity
distribution function were obtained by using additional information from a Collins
asymmetry measured in e+e− annihilation [72].
Integration of Eqs. (4.2) to (4.19) over the transverse momentum P h⊥ of the outgoing
hadron leads to the following expressions for the integrated structure functions in Eq. (2.14):
FUU,T = x
∑
a
e2a f
a
1 (x)D
a
1(z), (4.21)
FUU,L = 0, (4.22)
FLL = x
∑
a
e2a g
a
1(x)D
a
1(z), (4.23)
F sinφSUT = −x
∑
a
e2a
2Mh
Q
ha1(x)
H˜a(z)
z
, (4.24)
F cosφSLT = −x
∑
a
e2a
2M
Q
(
xgaT (x)D
a
1(z) +
Mh
M
ha1(x)
E˜a(z)
z
)
. (4.25)
Finally, the structure functions for totally inclusive DIS can be obtained from Eqs. (2.16)
and (2.18) to (2.21). This gives the standard results [1]
F1 =
1
2
∑
a
e2a f
a
1 (x), (4.26)
FL = 0, (4.27)
g1 =
1
2
∑
a
e2a g
a
1(x), (4.28)
g1 + g2 =
1
2
∑
a
e2a g
a
T (x), (4.29)
where given the accuracy of our calculation we have replaced g1−γ2g2 by g1 in (4.28), and
where we have used∑
h
∫
dz z Da1(z) = 1,
∑
h
∫
dz E˜a(z) = 0,
∑
h
∫
dz H˜a(z) = 0. (4.30)
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The first relation is the well-known momentum sum rule for fragmentation functions. The
second relation was already pointed out in Ref. [73]. The sum rule for H˜ follows from
Eq. (4.24) and the time-reversal constraint (2.22).
In App. B, we give results for one-jet production at low transverse momentum in DIS.
5. Conclusions
We have analyzed one-particle inclusive deep inelastic scattering off a polarized nucleon for
low transverse momentum of the detected hadron, starting from a general decomposition
of the cross section in terms of 18 structure functions, given in Eq. (2.7) and expressed
in a helicity basis in App. A. Using tree-level factorization as discussed in Sec. 3.2, the
structure functions can be calculated up to subleading order in 1/Q (twist three) using
transverse-momentum-dependent quark-quark and quark-gluon-quark correlators. to sub-
leading order, we need the parameterizations of the correlators up to twist three, involving
24 parton distributions. In particular our treatment includes those twist three transverse
momentum dependent functions that appear after the proper inclusion of Wilson lines
in the quark-quark correlators. We also give the relations between the quark-quark and
quark-gluon-quark correlators that follow from the QCD equations of motion.
Using the parameterization of the correlators we eventually expressed the structure
functions appearing in the cross section in terms of transverse-momentum-dependent par-
ton distribution and fragmentation functions, see Eqs. (4.2) to (4.19). Several of these
results were already present in the literature, but never collected in a single paper. The
complete results for transversely polarized targets, Eqs. (4.11) to (4.19), including all T-
odd distribution functions, are presented here for the first time. It is straightforward to
generalize the present results to include the production of a polarized hadron.
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A. Structure functions in a helicity basis
Up to a kinematical factor, the structure functions we have introduced in Eq. (2.7) are
simple combinations of cross sections or interference terms for the subprocess γ∗N → hX
with definite helicities of the nucleon and the virtual photon. Let us define helicity structure
functions
F ijmn(x,Q
2, z, P 2h⊥) =
Q2(1− x)
4π3α
(
1 +
γ2
2x
)−1 dσijmn
dz dP 2h⊥
, (A.1)
in terms of the γ∗p cross sections and interference terms introduced in Ref. [27], where j
and i (n and m) are the helicities of the nucleon (virtual photon) in the amplitude and its
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complex conjugate. We then have
FUU,T =
1
2
(
F++++ + F
−−
++
)
, FUU,L = F
++
00 ,
F cosφhUU = −
1√
2
Re
(
F+++0 + F
−−
+0
)
, F cos 2φhUU = −ReF+++− , (A.2)
F sinφhLU = −
1√
2
Im
(
F+++0 + F
−−
+0
)
, (A.3)
F sinφhUL = −
1√
2
Im
(
F+++0 − F−−+0
)
, F sin 2φhUL = −ImF+++− , (A.4)
FLL =
1
2
(
F++++ − F−−++
)
, F cosφhLL = −
1√
2
Re
(
F+++0 − F−−+0
)
, (A.5)
F
sin(φh−φS)
UT,T = −ImF+−++ , F sin(φh−φS)UT,L = −ImF+−00 ,
F
sin(φh+φS)
UT = −
1
2
ImF+−+− , F
sin(3φh−φS)
UT = −
1
2
ImF−++− ,
F sinφSUT = −
1√
2
ImF+−+0 , F
sin(2φh−φS)
UT = −
1√
2
ImF−++0 , (A.6)
F
cos(φh−φS)
LT = ReF
+−
++ , F
cosφS
LT = −
1√
2
ReF+−+0 ,
F
cos(2φh−φS)
LT = −
1√
2
ReF−++0 . (A.7)
Comparing with our results (4.2) to (4.19) we find a number of simple patterns. The leading
structure functions in the 1/Q expansion are those where the photon is transverse in both
the amplitude and its conjugate, and the subleading structure functions correspond to the
interference between transverse and longitudinal photon polarizations. The two structure
functions FUU,L and F
sin(φh−φS)
UT,L involve only longitudinally polarized photons. In the
kinematics we consider, they are of order 1/Q2 and thus beyond the accuracy to which
we have calculated. We finally remark that the number of transverse momentum factors
appearing in the different structure functions (4.2) to (4.19) can be related to the mismatch
between the helicity differences (m− i) and (n− j) using angular momentum conservation,
see Ref. [27].
B. Semi-inclusive jet production
In this appendix, we take into consideration the process
ℓ(l) +N(P )→ ℓ(l′) + jet(Pj) +X (B.1)
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in the kinematical limit of large Q2 at fixed x and P 2h⊥. In the context of our tree-level
calculation, we identify the jet with the quark scattered from the virtual photon. We then
have z = 1 and the cross section formula is identical to Eq. (2.7), except that it is not
differential in z. Correspondingly, the structure functions do not depend on this variable.
The structure functions for the process (B.1) can be obtained from those of one-particle
inclusive DIS in Eqs. (4.2) to (4.19) by replacing D1(z, k
2
T ) with δ(1 − z)δ(2)(kT ), setting
all other fragmentation functions to zero and integrating over z. This gives
FUU,T = x
∑
a
e2a f
a
1 (x, P
2
j⊥), (B.2)
F cosφhUU = −x
∑
a
e2a
2|P j⊥|
Q
xf⊥a(x, P 2j⊥), (B.3)
F sinφhLU = x
∑
a
e2a
2|P j⊥|
Q
xg⊥a(x, P 2j⊥), (B.4)
F sinφhUL = x
∑
a
e2a
2|P j⊥|
Q
xf⊥aL (x, P
2
j⊥), (B.5)
FLL = x
∑
a
e2a g
a
1L(x, P
2
j⊥), (B.6)
F cosφhLL = −x
∑
a
e2a
2|P j⊥|
Q
xg⊥aL (x, P
2
j⊥), (B.7)
F
sin(φh−φS)
UT,T = −x
∑
a
e2a
|P j⊥|
M
f⊥a1T (x, P
2
j⊥), (B.8)
F sinφSUT = x
∑
a
e2a
2M
Q
xfaT (x, P
2
j⊥), (B.9)
F
sin(2φh−φS)
UT = x
∑
a
e2a
|P j⊥|2
MQ
xf⊥aT (x, P
2
j⊥), (B.10)
F
cos(φh−φS)
LT = x
∑
a
e2a
|P j⊥|
M
ga1T (x, P
2
j⊥), (B.11)
F cosφSLT = −x
∑
a
e2a
2M
Q
xgaT (x, P
2
j⊥), (B.12)
F
cos(2φh−φS)
LT = −x
∑
a
e2a
|P j⊥|2
MQ
xg⊥aT (x, P
2
j⊥), (B.13)
whereas the remaining 6 structure functions are zero. The results for the terms with indices
UU , LL, and LT correspond to those in Ref. [1], Eqs. (119) to (121). The results for the
terms with indices LU and UL correspond to those in Ref. [15]. Integration of the cross
section over P h⊥ leads to the results for inclusive DIS in Eqs. (4.26) to (4.29). Most
terms vanish due to the angular integration, and F sinφSUT in Eq. (B.9) vanishes due to the
time-reversal condition (3.34).
– 23 –
References
[1] P. J. Mulders and R. D. Tangerman, The complete tree-level result up to order 1/Q for
polarized deep-inelastic leptoproduction, Nucl. Phys. B461 (1996) 197–237,
[hep-ph/9510301]. Erratum-ibid. B484 (1996) 538.
[2] D. Boer and P. J. Mulders, Time-reversal odd distribution functions in leptoproduction, Phys.
Rev. D57 (1998) 5780–5786, [hep-ph/9711485].
[3] D. Boer, R. Jakob, and P. J. Mulders, Angular dependences in electroweak semi-inclusive
leptoproduction, Nucl. Phys. B564 (2000) 471–485, [hep-ph/9907504].
[4] S. J. Brodsky, D. S. Hwang, and I. Schmidt, Final-state interactions and single-spin
asymmetries in semi-inclusive deep inelastic scattering, Phys. Lett. B530 (2002) 99–107,
[hep-ph/0201296].
[5] X. Ji and F. Yuan, Parton distributions in light-cone gauge: Where are the final-state
interactions?, Phys. Lett. B543 (2002) 66–72, [hep-ph/0206057].
[6] A. V. Belitsky, X. Ji, and F. Yuan, Final state interactions and gauge invariant parton
distributions, Nucl. Phys. B656 (2003) 165–198, [hep-ph/0208038].
[7] J. C. Collins, Leading-twist single-transverse-spin asymmetries: Drell-Yan and deep-inelastic
scattering, Phys. Lett. B536 (2002) 43–48, [hep-ph/0204004].
[8] A. Metz, Gluon-exchange in spin-dependent fragmentation, Phys. Lett. B549 (2002) 139–145,
[hep-ph/0209054].
[9] J. C. Collins and A. Metz, Universality of soft and collinear factors in hard- scattering
factorization, Phys. Rev. Lett. 93 (2004) 252001, [hep-ph/0408249].
[10] X. Ji, J.-P. Ma, and F. Yuan, QCD factorization for semi-inclusive deep-inelastic scattering
at low transverse momentum, Phys. Rev. D71 (2005) 034005, [hep-ph/0404183].
[11] X. Ji, J.-P. Ma, and F. Yuan, QCD factorization for spin-dependent cross sections in DIS
and Drell-Yan processes at low transverse momentum, Phys. Lett. B597 (2004) 299–308,
[hep-ph/0405085].
[12] J. C. Collins and D. E. Soper, Back-to-back jets in qcd, Nucl. Phys. B193 (1981) 381.
[13] R. Kundu and A. Metz, Higher twist and transverse momentum dependent parton
distributions: a light-front Hamiltonian approach, Phys. Rev. D65 (2002) 014009,
[hep-ph/0107073].
[14] K. Goeke, A. Metz, P. V. Pobylitsa, and M. V. Polyakov, Lorentz invariance relations among
parton distributions revisited, Phys. Lett. B567 (2003) 27–30, [hep-ph/0302028].
[15] A. Bacchetta, P. J. Mulders, and F. Pijlman, New observables in longitudinal single-spin
asymmetries in semi-inclusive DIS, Phys. Lett. B595 (2004) 309–317, [hep-ph/0405154].
[16] K. Goeke, A. Metz, and M. Schlegel, Parameterization of the quark-quark correlator of a
spin-1/2 hadron, Phys. Lett. B618 (2005) 90–96, [hep-ph/0504130].
[17] ZEUS Collaboration, J. Breitweg et al., Measurement of azimuthal asymmetries in deep
inelastic scattering, Phys. Lett. B481 (2000) 199–212, [hep-ex/0003017].
[18] HERMES Collaboration, A. Airapetian et al., Observation of a single-spin azimuthal
asymmetry in semi-inclusive pion electro-production, Phys. Rev. Lett. 84 (2000) 4047–4051,
[hep-ex/9910062].
– 24 –
[19] HERMES Collaboration, A. Airapetian et al., Single-spin azimuthal asymmetries in
electroproduction of neutral pions in semi-inclusive deep-inelastic scattering, Phys. Rev. D64
(2001) 097101, [hep-ex/0104005].
[20] HERMES Collaboration, A. Airapetian et al., Measurement of single-spin azimuthal
asymmetries in semi- inclusive electroproduction of pions and kaons on a longitudinally
polarised deuterium target, Phys. Lett. B562 (2003) 182–192, [hep-ex/0212039].
[21] ZEUS Collaboration, S. Chekanov et al., Study of the azimuthal asymmetry of jets in neutral
current deep inelastic scattering at HERA, Phys. Lett. B551 (2003) 226–240,
[hep-ex/0210064].
[22] HERMES Collaboration, A. Airapetian et al., Single-spin asymmetries in semi-inclusive
deep-inelastic scattering on a transversely polarized hydrogen target, Phys. Rev. Lett. 94
(2005) 012002, [hep-ex/0408013].
[23] HERMES Collaboration, A. Airapetian et al., Subleading-twist effects in single-spin
asymmetries in semi-inclusive deep-inelastic scattering on a longitudinally polarized hydrogen
target, Phys. Lett. B622 (2005) 14–22, [hep-ex/0505042].
[24] COMPASS Collaboration, V. Y. Alexakhin et al., First measurement of the transverse spin
asymmetries of the deuteron in semi-inclusive deep inelastic scattering, Phys. Rev. Lett. 94
(2005) 202002, [hep-ex/0503002].
[25] CLAS Collaboration, H. Avakian et al., Measurement of beam-spin asymmetries for deep
inelastic π+ electroproduction, Phys. Rev. D69 (2004) 112004, [hep-ex/0301005].
[26] ZEUS Collaboration, S. Chekanov et al., Measurement of azimuthal asymmetries in neutral
current deep inelastic scattering at HERA, hep-ex/0608053.
[27] M. Diehl and S. Sapeta, On the analysis of lepton scattering on longitudinally or transversely
polarized protons, Eur. Phys. J. C41 (2005) 515–533, [hep-ph/0503023].
[28] A. Bacchetta, U. D’Alesio, M. Diehl, and C. A. Miller, Single-spin asymmetries: The Trento
conventions, Phys. Rev. D70 (2004) 117504, [hep-ph/0410050].
[29] M. Gourdin, Semiinclusive reactions induced by leptons, Nucl. Phys. B49 (1972) 501–512.
[30] A. Kotzinian, New quark distributions and semiinclusive electroproduction on the polarized
nucleons, Nucl. Phys. B441 (1995) 234–248, [hep-ph/9412283].
[31] SMC Collaboration, D. Adams et al., Spin asymmetry in muon proton deep inelastic
scattering on a transversely-polarized target, Phys. Lett. B336 (1994) 125–130,
[hep-ex/9408001].
[32] B. Lampe and E. Reya, Spin physics and polarized structure functions, Phys. Rept. 332
(2000) 1–163, [hep-ph/9810270].
[33] D. Boer, P. J. Mulders, and F. Pijlman, Universality of T-odd effects in single spin and
azimuthal asymmetries, Nucl. Phys. B667 (2003) 201–241, [hep-ph/0303034].
[34] C. J. Bomhof, P. J. Mulders, and F. Pijlman, Gauge link structure in quark quark correlators
in hard processes, Phys. Lett. B596 (2004) 277–286, [hep-ph/0406099].
[35] A. Bacchetta, C. J. Bomhof, P. J. Mulders, and F. Pijlman, Single spin asymmetries in
hadron hadron collisions, Phys. Rev. D72 (2005) 034030, [hep-ph/0505268].
– 25 –
[36] C. J. Bomhof, P. J. Mulders, and F. Pijlman, The construction of gauge-links in arbitrary
hard processes, Eur. Phys. J. C47 (2006) 147–162, [hep-ph/0601171].
[37] C. J. Bomhof and P. J. Mulders, Gluonic pole cross sections and single spin asymmetries in
hadron hadron scattering, hep-ph/0609206.
[38] J. C. Collins, What exactly is a parton density?, Acta Phys. Polon. B34 (2003) 3103,
[hep-ph/0304122].
[39] L. P. Gamberg, D. S. Hwang, A. Metz, and M. Schlegel, Light-cone divergence in twist-3
correlation functions, Phys. Lett. B639 (2006) 508–512, [hep-ph/0604022].
[40] R. L. Jaffe, Spin, twist and hadron structure in deep inelastic processes, hep-ph/9602236.
[41] J. P. Ralston and D. E. Soper, Production of dimuons from high-energy polarized proton-
proton collisions, Nucl. Phys. B152 (1979) 109.
[42] V. Barone, A. Drago, and P. G. Ratcliffe, Transverse polarisation of quarks in hadrons, Phys.
Rept. 359 (2002) 1–168, [hep-ph/0104283].
[43] A. Idilbi, X. Ji, J.-P. Ma, and F. Yuan, Collins-Soper equation for the energy evolution of
transverse-momentum and spin dependent parton distributions, Phys. Rev. D70 (2004)
074021, [hep-ph/0406302].
[44] M. Anselmino, M. Boglione, J. Hansson, and F. Murgia, Polarized inclusive leptoproduction,
ℓN → hX, and the hadron helicity density matrix, ρ(h): possible measurements and
predictions, Phys. Rev. D54 (1996) 828–837, [hep-ph/9512379].
[45] M. Anselmino, E. Leader, and F. Murgia, Single spin asymmetries in DIS, Phys. Rev. D56
(1997) 6021–6024, [hep-ph/9610407].
[46] M. Anselmino et al., The general partonic structure for hadronic spin asymmetries, Phys.
Rev. D73 (2006) 014020, [hep-ph/0509035].
[47] F. Pijlman, Single spin asymmetries and gauge invariance in hard scattering processes. PhD
thesis, Vrije Universiteit Amsterdam, 2006.
[48] D. Boer, P. J. Mulders, and O. V. Teryaev, Single spin asymmetries from a gluonic
background in the Drell-Yan process, Phys. Rev. D57 (1998) 3057–3064, [hep-ph/9710223].
[49] D. Boer, Azimuthal asymmetries in hard scattering processes. PhD thesis, Vrije Universiteit
Amsterdam, 1998.
[50] R. N. Cahn, Azimuthal dependence in leptoproduction: a simple parton model calculation,
Phys. Lett. B78 (1978) 269.
[51] R. N. Cahn, Critique of parton model calculations of azimuthal dependence in
leptoproduction, Phys. Rev. D40 (1989) 3107–3110.
[52] M. Anselmino et al., The role of Cahn and Sivers effects in deep inelastic scattering, Phys.
Rev. D71 (2005) 074006, [hep-ph/0501196].
[53] EMC Collaboration, M. Arneodo et al., Measurement of hadron azimuthal distributions in
deep inelastic muon proton scattering, Z. Phys. C34 (1987) 277.
[54] E665 Collaboration, M. R. Adams et al., Perturbative QCD effects observed in 490-GeV deep
inelastic muon scattering, Phys. Rev. D48 (1993) 5057–5066.
– 26 –
[55] M. Anselmino, A. Efremov, A. Kotzinian, and B. Parsamyan, Transverse momentum
dependence of the quark helicity distributions and the Cahn effect in double-spin asymmetry
A(LL) in semi inclusive DIS, hep-ph/0608048.
[56] J. C. Collins, Fragmentation of transversely polarized quarks probed in transverse momentum
distributions, Nucl. Phys. B396 (1993) 161–182, [hep-ph/9208213].
[57] V. A. Korotkov, W. D. Nowak, and K. A. Oganessyan, Transversity distribution and
polarized fragmentation function from semi-inclusive pion electroproduction, Eur. Phys. J.
C18 (2001) 639–644, [hep-ph/0002268].
[58] K. A. Oganessyan, P. J. Mulders, E. De Sanctis, and L. S. Asilyan, Kinematical contributions
to the transverse asymmetry in semi-inclusive DIS, Nucl. Phys. A711 (2002) 89–92,
[hep-ph/0208207].
[59] A. V. Efremov, K. Goeke, and P. Schweitzer, Azimuthal asymmetry in electroproduction of
neutral pions in semi-inclusive DIS, Phys. Lett. B522 (2001) 37–48, [hep-ph/0108213].
Erratum-ibid. B544 (2002) 389.
[60] A. V. Efremov, K. Goeke, and P. Schweitzer, Predictions for azimuthal asymmetries in pion
and kaon production in SIDIS off a longitudinally polarized deuterium target at HERMES,
Eur. Phys. J. C24 (2002) 407–412, [hep-ph/0112166].
[61] A. V. Efremov, K. Goeke, and P. Schweitzer, Azimuthal asymmetries at CLAS: Extraction of
ea(x) and prediction of AUL, Phys. Rev. D67 (2003) 114014, [hep-ph/0208124].
[62] B.-Q. Ma, I. Schmidt, and J. J. Yang, Reanalysis of azimuthal spin asymmetries of meson
electroproduction, Phys. Rev. D66 (2002) 094001, [hep-ph/0209114].
[63] A. V. Efremov, K. Goeke, and P. Schweitzer, Collins effect and single spin azimuthal
asymmetries in the HERMES and COMPASS experiments, Eur. Phys. J. C32 (2003)
337–346, [hep-ph/0309209].
[64] A. V. Efremov, K. Goeke, and P. Schweitzer, Sivers vs. Collins effect in azimuthal single spin
asymmetries in pion production in SIDIS, Phys. Lett. B568 (2003) 63–72, [hep-ph/0303062].
[65] P. Schweitzer and A. Bacchetta, Azimuthal single spin asymmetries in SIDIS in the light of
chiral symmetry breaking, Nucl. Phys. A732 (2004) 106–124, [hep-ph/0310318].
[66] D. W. Sivers, Single spin production asymmetries from the hard scattering of pointlike
constituents, Phys. Rev. D41 (1990) 83.
[67] M. Anselmino et al., Extracting the Sivers function from polarized SIDIS data and making
predictions, Phys. Rev. D72 (2005) 094007, [hep-ph/0507181].
[68] W. Vogelsang and F. Yuan, Single-transverse spin asymmetries: From DIS to hadronic
collisions, Phys. Rev. D72 (2005) 054028, [hep-ph/0507266].
[69] J. C. Collins et al., Sivers effect in semi-inclusive deeply inelastic scattering, Phys. Rev. D73
(2006) 014021, [hep-ph/0509076].
[70] M. Anselmino et al., Comparing extractions of Sivers functions, hep-ph/0511017.
[71] A. V. Efremov, K. Goeke, and P. Schweitzer, Collins effect in semi-inclusive deeply inelastic
scattering and in e+e− annihilation, Phys. Rev. D73 (2006) 094025, [hep-ph/0603054].
[72] BELLE Collaboration, K. Abe et al., Measurement of azimuthal asymmetries in inclusive
production of hadron pairs in e+e− annihilation at BELLE, Phys. Rev. Lett. 96 (2006)
232002, [hep-ex/0507063].
– 27 –
[73] R. L. Jaffe and X. Ji, Novel quark fragmentation functions and the nucleon’s transversity
distribution, Phys. Rev. Lett. 71 (1993) 2547–2550, [hep-ph/9307329].
– 28 –
